The methodology based on the association of the Variational Method with -Supersymmetric Quantum Mechanics is used to evaluate the energy states of the confined hydrogen atom.
Introduction
Confined systems have motivated many studies in different areas of physics. Nowadays it culminates with low dimensional systems of technological applications like quantum dots in semiconductors, [1] . Several authors have worked in a variety of methods aiming the energy eigenvalues of such systems, [2] - [8] . Particularly, the conventional variational method has also been used, [9] - [10] and references therein.
In this context the association of the variational method applied within the formalism of Supersymmetric Quantum Mechanics, SQM, seems to be another appropriate alternative to tackle such problem.
SQM has provided good results concerning different nonrelativistic quantum mechanical systems, such as the exactly solvable, [11] - [12] , the partially solvable, [13] - [14] , the isospectral, [15] and the periodic potentials, [16] . In particular, it gave good results for the energy states of systems well fit by the Hulthén, the Morse and the screened Coulomb potentials, [17] - [19] , which are all non-exactly solvable potentials in 3-dimensions. The latter were studied using a methodology based on the association of the variational method with SQM. Its starting point is the association of an Ansatz for the superpotential. Through the superalgebra the wave function is evaluated, 1 PACS No. 31.15.Q, 11.30.P -Key words: Supersymmetric quantum mechanics, confinement 2 elso@df.ibilce.unesp.br 3 Work partially supported by CNPq 4 regina@fatecsp.br the so-called trial wave function containing the variational parameters, which will be varied until the energy expectation value reaches its minimum.
In this letter this approach is applied to the 3-dimensional confined hydrogen atom in order to get its the energy states. This system is analogous to the hydrogenic donor located at the centre of a spherical GaAs − (Ga, Al)As quantum dot. The results obtained here for the 1s, 2p and 3d states are very good when compared to recent results obtained from other approximative methods as well as numerical exact results, [10] .
The variational method associated to SQM Consider a system described by a given potential V 1 . The associated Hamiltonian H 1 can be factorized in terms of bosonic operators, inh = c = 1 units, [20] - [23] .
is the lowest eigenvalue. Notice that the function V 1 (r) includes the barrier potential term. The bosonic operators are defined in terms of the so called superpotential W 1 (r),
As a consequence of the factorization of the Hamiltonian H 1 , the Riccati equation must be satisfied,
Through the superalgebra, the eigenfunction for the lowest state is related to the superpotential W 1 by Ψ
It should be stressed that if the potential is non-exactly solvable, the Hamiltonian is not exactly factorizable which means that there is no superpotential that satisfies the Riccati equation. However, the Hamiltonian can be factorized in terms of a superpotential giving rise to an effective potential that best mimics the true potential. Thus, using the superalgebra we evaluate the wave function which will depend on free parameters, the variational parameters.
The variational method is an approximative technique to evaluate the energy spectra of a Hamiltonian H and, in particular, its ground state. Its central point is the search for an optimum wave-function Ψ(r) depending on a set of parameters, {µ}. This is called the trial wave-function. The approach consists in varying these parameters in the expression for the expectation value of the energy
until this expectation value reaches its minimum value. This value is an upper limit of the energy level. Even though this method is usually applied to get the ground state energy only, it can also be applied to get the energy of the excited states. Thus, the aim of the variational method is the aquisition of this optimum wavefunction. Conventionally one proposes a variational wavefunction depending on a set of parameters. At this crucial point, however, our strategy is to use SQM to obtain this function. Based on physical arguments, an Ansatz for the superpotential is proposed and, through the superalgebra, the trial wave function is evaluated, (equation (4)). By minimizing the energy expectation value with respect to the free parameters introduced by the Ansatz the minimum energy is found.
We stress that, in fact, by making an Ansatz in the superpotential corresponds to be dealing with an effective potential V ef f that satisfies the Riccati equation, i.e.,
is the superpotential that satisfies (3) for µ =μ, the parameter that minimises the energy of eq.(5).
The Confined Coulomb Potential
The radial Hamiltonian equation for the Coulomb Potential, written in atomic units, is given by
We use the variational method associated to SQM in order to get the energy states of the confined Coulomb Potential. As the Coulomb potential is symmetric, the confinement is introduced by an infinite potential barrier at radius r = R. Thus we make the following Ansatz for the superpotential
which depends on R, the radius of confinement, and three variational parameters, µ 1 , µ 2 and µ 3 . The first and the last terms are already known from the non-confined case, [23] . The second term deals with the confinement, as shown bellow in the effective potential. Substituting this superpotential in the associated Riccati equation we arrive at a confining effective potential V ef f , i.e., a potential which is infinite at r = R. It is given by
which is clearly infinite at r = R, as expected for a confining system. Notice that the effective potential is evaluated for the values of the set of parameters {μ} that minimise the energy.
As mentioned before, our trial wavefunction for the variational method is obtained from the superalgebra through equation (4), using the superpotential given by the Ansatz made in equation (8) . It is given by
It depends of three free parameters, µ 1 , µ 2 and µ 3 and vanishes at r = R. The energy is obtained by minimisation of the energy expectation value with respect to the three parameters. The equation to be minimised is given by
After the minimization of (11) with respect to the parameters µ 1 , µ 2 and µ 3 we get E(μ) which, from now on, will be referred as E V SQM .
The tables 1, 2 and 3 bellow show the results for different values of R and l and the comparison with the exact numerical, E EXACT , and conventional variational results, E V , contained in [10] . The comparison is made through the percentage errors,
and Table 1 . Energy eigenvalues (in Rydbergs) and percentage errors for different values of R and for l = 0. Comparison is made with results from [10] . Table 2 . Energy eigenvalues (in Rydbergs) and percentage errors for different values of R and for l = 1. Comparison is made with results from [10] . Table 3 . Energy eigenvalues (in Rydbergs) and percentage errors for different values of R and for l = 2. Comparison is made with results from [10] . At this point we stress that for R → ∞ the SQM results also agree with the exact non-confined problem, which correponds to the removal of the infinite barrier. In this case the energy is exact and corresponds to
The table 4 bellow shows the energy eigenvalues, E V SQM , for l = 0, 1, 2 and for increasing values of R. Notice the convergency towards the energy of the exact nonconfined case, given by equation (14) . Table 4 . Energy eigenvalues, E V SQM , (in Rydbergs) for different values of R for n = 0 and l = 0, 1, 2. It is also shown the exact result from (14) . 
Comments and conclusions
When dealing with the variational method associated with SQM to get the energy states of a quantum dot we have used a confining effective potential depending on three parameters (µ 1 , µ 2 and µ 3 ).
Varying the trial wave function with respect to these parameters we found good results for increasing values of the radius R, when compared to results obtained from other approximative variational method and exact numerical results. The great advantage of our method is the search for a trial wave function through the superpotential, which allows a previous comparative analysis between the original potential and the effective potential, containing the infinite (confining) barrier.
It is remarkable that we do not impose a cut off of the wave function at r = R but, on the contrary, the effective potential is infinite at this border. In our case, the border effect is natural whereas this is not apparent when using the input in the variational wave function, as the conventional variational method suggests. Thus, our wave function does not simply vanish at the boundary but finds a potential barrier that increases until becoming impenetrable at r = R. Therefore these border effects become more perceptive for smaller values of R. For increasing values of R, smaller will be the border effects so that the variational results get better. In other words, for large values of R the variational SQM Ansatz provides fast converging results as displayed in Table 4 . In this way we recover the results for the non-confined system, when R → ∞. We should point out that for increasing values of R our results show a very good agreement with the exact results.
In conclusion, we remark that the results presented here suggest that the association of the superalgebra of SQM with the variational method provides an appropriate approach to analyse confined systems.
